A simplified model is developed for intrusive gravity currents propagating along the interface of a two-layer stratified ambient. The model is based on the conservation of mass and vorticity and it does not require any empirical closure assumptions. A parametric study conducted with this model reproduces the correct behavior in various limits and is consistent with previously reported experimental observations. Specifically, it predicts the formation of equilibrium intrusions when the intrusion density equals the depth-weighted mean density of the two ambient layers. It furthermore demonstrates the existence of nonsmooth limits under certain conditions. An energy analysis shows that under nonequilibrium conditions the intrusion gains energy. The predictions by the parametric study are furthermore compared to two-dimensional direct numerical simulation results and very good agreement is observed with regard to all flow properties.
I. INTRODUCTION
Intrusions represent a special class of gravity currents that propagate horizontally into a stratified ambient at intermediate depths. They occur in a variety of atmospheric and oceanic situations, where they can influence the dynamics of flows such as sea breeze fronts, river plumes, and powder snow avalanches [1] [2] [3] [4] . The relative ease with which intrusions can be generated in laboratory environments via lock-release processes has enabled researchers to explore them in some detail under controlled conditions and to develop simplified theoretical models for predicting features such as their thickness and front velocity [5] [6] [7] [8] . An example of the lock-release configuration is shown in Fig. 1 . Here ρ c denotes the intermediate density of the intrusion fluid, while the densities of the lower and upper ambient layers are given by ρ l and ρ u , respectively. Upon removal of the gate, the intrusion develops and propagates to the right along the horizontal interface. Simultaneously, return flows evolve along the top and bottom walls in the form of left-propagating gravity currents.
The rich history of research into the dynamics of intrusions dates back at least to the investigations by Holyer and Huppert [5] and Britter and Simpson [9] , who studied intrusions propagating along sharp thin interfaces. Holyer and Huppert [5] explored both bottom and interfacial currents propagating into two-layer stratified ambients. In a reference frame moving with the intrusion front, they considered the intrusion fluid to be at rest, consistent with the pioneering work of Benjamin [10] , who analyzed gravity currents moving into a uniform fluid. Furthermore, they assumed that the interface ahead of the intrusion remains undisturbed. The authors enforced the conservation of mass in each of the two ambient layers, as well as the conservation of overall horizontal momentum. In addition, they assumed that energy is conserved so that Bernoulli's equation holds along each of the three interface segments. When solving the resulting system of equations for the ambient layer depths, the authors found that for a range of initial layer depths and fluid densities, the solution is nonunique, so an additional criterion is required to determine which solution will be seen in the experiment. Based on earlier studies of dissipative currents, the authors hypothesized that the energy-conserving theoretical solution that maximizes the volumetric flow rate is the one that will be observed experimentally. In this way, they obtained good agreement with corresponding experiments in terms of the intrusion front velocity. We note, however, that these experiments consider only symmetric intrusions, for which the interface ahead of the intrusion remains undisturbed. Interestingly, the theoretical arguments developed by Holyer and Huppert [5] are not limited to Boussinesq flows, but hold for arbitrary density ratios.
Britter and Simpson [9] carried out experiments for the doubly symmetric configuration, in which the ambient layers have equal depths and the intrusion density is the average of the ambient densities. They focused especially on the influence of the thickness of the interface ahead of the intrusion. de Rooij et al. [11] extended this line of research to particle-driven intrusions, for which they compared experimental observations with predictions by theoretical models that account for the effect of sedimentation. Further experiments on intrusive gravity currents by Lowe et al. [12] provided information on the detailed structure of the flow. The authors found that an approximately energyconserving intrusion head is followed by a wake region, which is characterized by large billows that result in significant mixing and dissipation. In the tail region, by contrast, little mixing occurs and the velocity is approximately uniform. The issues of mixing and entrainment were studied further by Sutherland [13] for situations in which successive intrusions propagate into a stratified ambient so that the interfacial region gradually widens. The formation of internal and solitary waves in such configurations was investigated by Mehta et al. [14] . A highly resolved computational investigation into the dynamics of intrusions by Ooi et al. [15] reproduced many of the experimentally observed features and allowed for a detailed evaluation of the various components of the energy budget.
Sutherland et al. [6] simplified the theoretical approach of [5] for situations in which the density contrasts among the various fluids are small so that the Boussinesq assumption can be invoked. They defined the dimensionless parameter ,
propagation velocities of the ambient counterflows, without the need for empirical, energy-based closure assumptions. We will compare these predictions both to earlier models by other authors and to two-dimensional direct numerical simulation (DNS) Navier-Stokes results and we will analyze the energetics of the flow fields. The paper is organized as follows. In Secs. II and III we develop closed theoretical models for symmetric and nonsymmetric intrusions, based on the conservation of mass and vorticity only and without invoking any energy-related arguments. Section IV describes the setup of the corresponding DNS simulations. Section V discusses the model predictions for various flow properties, including the velocities and thicknesses of all currents and the height and speed of the leading bore. It also compares these predictions to DNS results and to earlier theoretical and experimental findings by other authors.
In Sec. VI we analyze the energy budget of the flow, in order to assess the assumptions underlying earlier models. The influence of the Re and Pe values in the DNSs is discussed in Sec. VII. Section VIII summarizes the findings and presents the main conclusions.
II. SYMMETRIC INTRUSIONS
We return to Upon removal of the gate, the intermediate density fluid forms a right-propagating intrusion of velocity U c . Simultaneously, two left-propagating gravity currents emerge along the top and bottom walls: a light one of density ρ u and height h u and a heavy one of density ρ l and height h l . If these two left-propagating currents have identical front velocities U l = U u , we refer to the intrusion as symmetric or equilibrium, otherwise it is called nonequilibrium or nonsymmetric [6] [7] [8] . For symmetric intrusions, no fluid crosses the line y = d l , which represents a streamline for all times. Sutherland et al. [6] observe experimentally that symmetric intrusions form when
Flynn and Linden [8] demonstrate that this relation is equivalent to what they term the neutral buoyancy condition
where g l = g(ρ l − ρ c )/ρ c and g u = g(ρ c − ρ u )/ρ c . They relate this neutral buoyancy condition to the formation of two left-propagating gravity currents with identical front velocities. For the special situation of d l = H/2 and ρ c = (ρ l + ρ u )/2, the flow is geometrically symmetric with regard to y = H/2 and the top and bottom gravity currents have thicknesses of H/4 [6, 9, 11, 14] . The symmetric intrusion case is characterized by the five unknowns U c , U l , U u , h l , and h u . Since y = d l represents a streamline, we can solve separately for the flows below and above this line. For the lower part of the tank, the three unknowns U c , U l , and h l are governed by the mass conservation equation within the control volume BCDE (Fig. 1) in the reference frame moving with the front of the interfacial current
as well as two vorticity conservation equations for the two fronts, while we assume that the flow is inviscid, Boussinesq, and quasisteady [16, 17] . In the reference frame of the interfacial gravity current, we obtain, for the control volume BCDE,
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and in the reference frame of the bottom current, the conservation of vorticity in control volume ABEF yields
Solving these three equations results in
Corresponding considerations for the region above y = d l yield
This demonstrates that the condition (4) formulated by Flynn and Linden [8] for the formation of symmetric intrusions can be derived from the conservation of mass and momentum alone. At this point, it is useful to introduce characteristic scales for length (
and density difference (ρ l − ρ u ), where g = (ρ l − ρ u )/ρ c so that we can define dimensionless variables of the form
In this way, the dimensionless solution for the case of a symmetric intrusion takes the form
Furthermore, Eq. (3) in dimensionless form yields ρ * c = d * l . Hence, for symmetric intrusions the dimensionless interface height equals the dimensionless intrusion density. Consequently, we can rewrite Eq. (17) equivalently as
Since for the symmetric case the left-propagating gravity currents and the intrusion are effectively half-depth currents in the sense of [10] , it follows that they conserve energy. Hence it is not surprising that for symmetric intrusions the present results agree with those of earlier investigations in Refs. [5] [6] [7] [8] , all of which had invoked energy conservation arguments. These theoretical solutions will be compared to experimental and DNS data in Sec. V. 
A leading bore travels along the interface ahead of the intrusion, with a larger velocity than the intrusion itself. The dotted lines indicate the control volumes for which mass and vorticity conservation equations will be formulated below. We refer to this model as model 1 in the text.
III. NONSYMMETRIC INTRUSIONS WITH UPSTREAM LEADING BORE
When the symmetry condition (4) is not satisfied, the left-propagating gravity currents along the upper and lower walls will exhibit different front velocities. In the following, we will discuss and compare two different models for the resulting nonequilibrium intrusion. Model 1, depicted in Fig. 2 , is inspired by the experiments of [6] , which demonstrate the presence of a leading wave propagating ahead of the interfacial gravity current. In the following, we will model this leading wave as a bore. The alternative model 2, shown in Fig. 3 , is based on simulation results from the present study to be discussed below. It differs from model 1 in that it also allows for the existence of an internal bore on the faster of the two left-propagating gravity currents, at the same streamwise location as the front of the slower gravity current. We will discuss the significance of including this left-propagating bore, later in Sec. V.
In contrast to the five unknowns that fully describe the symmetric problem, nonsymmetric intrusions give rise to several additional unknown variables. For the leading bore, these involve the wave speed U b and the interface height h b downstream of the wave, as well as the downstream upper and lower layer velocities U lb and U ub . In addition, we need to solve for the intrusion velocity U bc in the region between the gravity current fronts, so model 1 is characterized by a total of ten unknown quantities. Hence, ten independent conservation equations are required for a full description. Model 2 results in two additional unknowns, viz., U u and h u , compared to model 1.
Corresponding to our earlier analysis of the symmetric case, we can formulate the equations for the nonsymmetric case by considering the conservation of mass and vorticity in various control FIG. 3 . Alternative model for a nonequilibrium intrusion with (ρ c − ρ u )/(ρ l − ρ u ) > d l /H . Here, in addition to leading bore ahead of interfacial gravity current, the faster propagating gravity current along the upper wall exhibits a bore at the same streamwise location as the front of the slower gravity current along the lower wall. The dotted lines indicate the control volumes for which mass and vorticity conservation equations will be formulated below. We refer to this model as model 2 in the text.
044302-6
volumes. We begin by focusing on control volume DEF G, in the reference frame moving with the leading bore. It is worth mentioning, however, that we model this interfacial disturbance propagating ahead of the intrusive gravity current as a bore; some previous studies such as [8] have treated that as a nonlinear wave. Our assumption means that we suppose that this instability travels with a constant speed and the ambient interface after it will find a constant height. This is also another simplification, because some undulations will emerge along the interface, right after this instability. Regardless, these assumptions look reasonable and yield acceptable results as shown in Secs. IV and V. Mass conservation for the upper and lower layers, and vorticity conservation along the interface, give
Equations (19)- (21) can be applied to both models 1 and 2, without any modifications. Next we focus on control volume CDGI for model 1 shown in Fig. 2 , in the reference frame moving with the intrusion. The two continuity equations for the upper and lower layers can be written in a straightforward fashion as
Formulating separate vorticity conservation equations along the upper and lower interface branches requires some additional thought, as we need to determine how the vorticity inflow from the upstream of cross section GD in Figs. 2 and 3, (U c +
, is divided between these two interface branches separating ambient fluids. In this context, a thought experiment is instructive: Imagine that in the initial configuration the upper and lower fluid layers in the right compartment are separated by an infinitesimally thin layer of fluid with density ρ c , so there are effectively two separate interfaces connecting the left-propagating gravity current fronts to the upstream of leading bore. It is straightforward to write down the individual vorticity conservation equations for these two separate interfaces. By letting the thickness of this initial, intermediate fluid layer in the right compartment go to zero, we obtain
The corresponding equations for model 2 take the form
The control volume BCI J , in the reference frame moving with the lower gravity current front, provides the vorticity equation
For model 2, it gives rise to additional equations for the conservation of mass and vorticity for the internal bore of the faster current
The simulation results to be discussed below indicate that the internal bore of the faster gravity current is located at the same streamwise location as the front of the slower current, so
The final two equations are obtained for the control volume ABJ K, by formulating the conservation of mass and vorticity in the reference frame of the upper gravity current front
Model 1 is completely described by Eqs. (19)- (25), in addition to (30), (34), and (35). Model 2, on the other hand, is governed by Eqs. (19)- (21), along with (26)-(35). Note that these respective systems of algebraic equations are closed, so they do not require any closure assumptions. Specifically, they were derived without any considerations of energy arguments. While analytical solutions for these systems of nonlinear algebraic equations cannot be obtained under general conditions, they can be solved numerically in a straightforward fashion via using a bisection root solver. The solutions, rendered dimensionless according to (12) - (14), will be discussed in the following. We remark that the numerical solution procedure gave no indication of multiple solutions anywhere in the parameter regime for models 1 and 2. This is in contrast to the models employed in the earlier investigations in Refs. [5, 6] , which had obtained nonunique solutions for a range of interface heights and intrusion densities.
IV. DIRECT NUMERICAL SIMULATIONS
In order to assess the validity and predictive capability of the above models, we will present comparisons with earlier models [5, 7, 8] , as well as with direct numerical simulations of the unsteady two-dimensional Navier-Stokes equations in the Boussinesq limit. These simulations were conducted with our code TURBINS, which has been described and validated in detail in Refs. [21, 22] . TURBINS is a finite-difference solver based on a fractional step projection method, along with TVD-RK3 time integration. It solves the dimensionless conservation equations for mass, momentum, and density
where e g represents the unit vector in the direction of gravity and t * is defined as t/t ref , where number Pe are defined as
As stated earlier, the buoyancy velocity u b is given by √ g H , with the channel height H representing the characteristic length scale. Here ν and D indicate the kinematic viscosity and the diffusivity of the density field, respectively. We apply free slip conditions for the velocity, along with vanishing normal flux conditions for the density field, along all solid boundaries. The Reynolds and Péclet numbers are set, respectively, to 12 000 and 30 000 in the simulations, unless stated otherwise. These fairly high Re and Pe numbers result in a relatively minor influence of viscosity and diffusion on the current velocities and heights. The fluid is at rest initially, with the density field specified according to Fig. 1 as
The computational domain has a dimensionless length of 60 and a height of 1, and the lock length is set to 30. The computational grid has a uniform spacing of x * = 0.01 and y * = 0.005, which is sufficiently fine not to influence the simulation results. left-propagating currents has become quite small. This simulation was carried out with a resolution two times finer in the horizontal direction and three times finer in the vertical direction. In spite of the symmetry breaking due to these slightly different front velocities, we recognize that the right-propagating intrusion does not give rise to a leading bore along the horizontal interface. Figure 6 illustrates the case of a nonequilibrium intrusion for ρ * c = 0.5 and d * l = 0.3. In this case, the front velocities of the left-propagating gravity currents along the top and bottom walls differ substantially. Along the horizontal interface separating the dense from the light fluid, the advancing intrusion causes the formation of an undular bore that propagates significantly faster than the intrusion itself. In addition, closer inspection of the upper gravity current at time t * = 50 reveals the existence of a bore near the streamwise location of the lower current front, consistent with the sketch of model 2 in Fig. 3 above. Additional simulations for a broad range of ρ * c and d * l (not shown) confirm this observation. These DNS results are fully consistent with the earlier experimental observations of [6, 7, 9, 11, 14] .
In order to obtain accurate values for the front velocities of all currents, we mark the fluid corresponding to each current by means of a passive scalar (dye), which is tracked in the simulation as a separate concentration field, with the same Pe value as the density field. We can then define the front position x * f as the location where the local dimensionless current height computed as
first exceeds a value of 0.01. Here c * d denotes the dimensionless dye concentration and η * indicates the local height of a current. Figure 7 provides examples for tracking the intrusion and lower gravity current fluids, respectively. The quasisteady heights of the left-propagating currents are obtained as follows. For the slower one, we determine the effective height h * by evaluating
where x * f indicates the front location of slower left-propagating current and t * s is chosen sufficiently large to ensure that the solution is quasisteady. For the faster-moving gravity current, we determine the effective height correspondingly by integrating over the x interval from the front of the faster-moving current to the front of the slower-moving current and finally the interfacial gravity current height can be computed by taking the integration over the x interval from L * lock to the front of this current. 
where we take t * s = 50 to ensure a quasisteady result, as indicated by Fig. 10(b) . Regardless of the undular nature of this bore, the average height of the interface behind the bore reaches a constant value. The deflection in the interface height can be evaluated as 
V. DISCUSSION OF RESULTS
In the following, we will discuss DNS results and compare them with predictions by the vorticity model and by earlier models of other authors, as well as with earlier experimental observations. For the equilibrium intrusion case, where ρ * c = d * l , the vorticity model predictions are based on the symmetric configuration of Fig. 1 , while for nonequilibrium cases we employ the model 2 configuration, depicted by Fig. 3 . We will also compare model 2 with model 1 at the end of this section. We note that in the limit of d * l → ρ * c , the predictions for the nonsymmetric case smoothly approach those of the symmetric case for all physical variables. To discuss the physical results, we employ phase-space plots in the (ρ * c ,d * l ) plane. Figure 11 (ρ * c = 1,d * l = 0) the model predicts front velocities near one-half, but not exactly equal to one-half. As we will see below, this reflects the fact that as d * l → 0 or 1, the bore height does not approach zero. In other words, the limits of d * l → 0 and 1 are singular, in the sense that the flow does not reduce to the case of a full-depth lock-release gravity in a smooth fashion. We remark that the doubly symmetric case represents a point of symmetry for the figure, so an intrusion with (ρ * c ,d * l ) has the same velocity as one with (1 − ρ * c ,1 − d * l ). Recall that Cheong et al. [7] found that for a fixed value of d * l the intrusion speed does not depend on the intrusion density. The vorticity model shows that in the range 0.2 < ρ * c < 0.8 the intrusion velocity indeed varies only weakly with the density. However, for very small or large intrusion densities, the intrusion speed depends more strongly on its density. Cheong et al. [7] had furthermore observed that for a fixed intrusion density, the equilibrium configuration has the minimum propagation velocity. This is confirmed by the contours of Fig. 11(a) , which have their extrema along the main diagonal. Figure 11 which is consistent with the observation that for ρ * c = d * l we obtain energy-conserving equilibrium intrusions. Away from the diagonal the intrusion thickness increases, which suggests that it is gaining energy. We will return to this point in Sec. VI. As pointed out in Refs. [6, 8] , in the limit of vanishing height bores travel with the speed of long waves, so U * b /U * c → 2. This is confirmed by Fig. 12(a) . Furthermore, in the limit of d * l → 0 or 1, U * b /U * c barely exceeds one, so the intrusion moves almost as fast as the leading bore. We note that all contours in Fig. 12(b) are parallel to the main diagonal and equidistant, which suggests that the bore height depends only on the difference between ρ * c and d * l and this dependence is linear, as will be demonstrated more clearly, later in Fig. 17 . This is consistent with earlier observations in Refs. [7, 8] . We note that for the relation d * = (ρ * c − d * l ) the current model predicts approximately the same value of as those earlier two investigations, which corroborates the assumptions made in those studies. 8. This is much larger than the value of one-half for a full-depth lock-exchange gravity current, which again indicates that the limits of d * l → 0 and 1 are singular. This singularity may be a consequence of treating the interfacial disturbance as a bore, which may no longer be valid as we approach these limits. It furthermore suggests that in this limit the lower gravity current in the intrusion configuration is gaining energy. We will return to this issue below.
The behavior of the gravity current height contours is interesting as well. As demonstrated by on the other. Consequently, the following expressions hold:
For the intrusion velocity, Fig. 14 [7] , dash-dotted lines indicate the intrusion speed given by [8] , and discrete circles and crosses represent the present DNS results and the experimental data of [7] , respectively. The vertical dotted lines demonstrate the range of validity of the investigation by [5] . Within this range, their results (not shown here) agree closely with all other theoretical, numerical, and experimental data.
of the earlier models in Refs. [7, 8] and over a substantial range of d * l fall in between these two models. Within its narrow range of validity between the vertical dotted lines, the model of [5] yields predictions in very close agreement with those of the other models, so we do not show them in this figure. All four models predict that the minimum propagation velocity occurs at equilibrium conditions, which is consistent with the experimental observations of [7] and the present simulation results. Due to the finite Re values employed in the DNSs, the DNS front velocity data generally fall slightly below the vorticity model predictions, as will be discussed in further detail below. the equilibrium case. Away from the equilibrium point, the intrusion thickens. We will discuss this observation from an energy perspective in Sec. VI.
The DNSs show that the bore propagates with an approximately constant velocity. For the propagation velocities of the upper and lower gravity currents, Fig. 19 compares the vorticity model predictions to the DNS results. Again, good overall agreement is observed. The velocity of each gravity current is a function of its available potential energy, which scales with the square of the layer height multiplied by its density difference relative to the intrusion fluid. Both the model predictions and the DNS results confirm that under equilibrium conditions (ρ * c = d * l ) the gravity currents have identical front velocities. When d * l < ρ * c , the lower gravity current has less available energy than the upper one, so it travels more slowly. As d * l increases, the lower gravity current speeds up while the upper one slows down, until for d * l = ρ * c the two velocities become equal to each other. Beyond this point, the lower gravity current propagates faster than the upper one.
We now proceed to discuss results for the quasisteady current heights. Fig. 21 compares predictions by the simplified model 1 (Fig. 2) with those of the more complete model 2 (Fig. 3) , which accounts for the bore in the faster moving gravity current. We observe that the predictions by the two different models are close to each other, as well as to the simulation results, for the intrusion velocity, the gravity current heights, and the ratio of the right-propagating bore velocity to the intrusion velocity. On the other hand, for the velocity of the faster left-propagating current, which accounts for the key difference between the two models, the two model predictions deviate substantially from each other and the more comprehensive model 2 yields closer agreement with the DNS results.
VI. ENERGY DISCUSSION
All of the above information about the flow was gained without any consideration of energy arguments. This is in contrast to all earlier analyses of intrusion current models, which had invoked 044302-21 energy-related assumptions in certain parts of the flow field. Consequently, we can now investigate the energy balance along certain streamlines and in specific control volumes a posteriori, in order to obtain insight into the validity of the assumptions underlying earlier models. Toward this objective, we analyze the head loss along the bottom and top of the tank, denoted by l and u , from D to C and G to I , in the control volume CDGI and in the reference frame of the interfacial gravity current, shown in Fig. 3 . We furthermore calculate the head loss inside the intrusion, indicated by c , from B to C , along the streamline passing through these two points in the control volume of BCI J . We consider the following modified Bernoulli equations in which we allow for an energy loss or gain to occur:
Here p ( ) denotes the pressure at the corresponding location. In Eqs. (49)-(51) the velocities are known from the earlier analysis presented in Secs. II and III. The required pressure differences, in the absence of viscous forces along the top and bottom boundaries, can readily be obtained from the horizontal-momentum-conservation equations for the respective control volumes, which have the general form
where ρ ref = ρ c , consistent with the Boussinesq approximation, and i and o indicate inlet and outlet, respectively. By assuming that the pressure is hydrostatic at the inflow and outflow boundaries of the respective control volumes, i.e., far from any front so that the flow is locally unidirectional, we 044302-22 obtain the following dimensionless expressions for the corresponding pressure drops: situations, the head-loss terms are nonzero for all three currents. Furthermore, the head-loss contours again reflect the symmetry properties observed in the earlier analysis, so *
Interestingly, we find that all nonequilibrium intrusions experience an energy gain. This is consistent with our earlier findings, shown in Figs. 15 and 11(b) , that h * c > 0.5 for all nonequilibrium intrusions. Furthermore, the figure indicates that the left-propagating gravity currents can also gain energy for certain parameter ranges. The lower gravity current gains energy when d We now focus on the conversion of potential energy (PE) to kinetic energy (KE). Initially, when the fluid is at rest, all of the mechanical energy is in the form of PE. In the absence of any mixing, the theoretically lowest level of PE that can be achieved by the system corresponds to the state in which the dense, intermediate, and light fluids are arranged on top of each other in horizontal layers of thicknesses (1 − α)d l , αH , and (1 − α)(H − d l ), respectively, where α denotes the geometric ratio of L lock /L. We can compute the PE per unit width of the initial state and of the final state of lowest energy, with respect to the bottom wall as
044302-25 The available potential energy E per unit width represents the difference between these two states
We nondimensionalize the energy per unit width by ρ ref U We thus obtain
where β indicates the ratio of the lock length to the tank height. As expected, E * has a minimum with respect to d * l when d * l = ρ * c , which is consistent with our earlier observation that for a given value of ρ * c symmetric intrusions have the lowest propagation speed. Once the gate is removed, PE is converted into KE. We can now employ the quasisteady front velocities calculated above from arguments of mass and momentum conservation, in order to calculate the rates at which the PE and KE of the overall flow, or of the various control volumes Figure 24 shows that for nearly symmetric conditions, the fraction of PE extracted by the leading bore is on the order of a few percent. However, for strongly nonsymmetric cases it can reach up to 20%. This confirms that the assumption by Cheong et al. [7] , who neglected the effect of the bore on the overall energetics of the flow, is most accurate for nearly symmetric intrusions.
VII. INFLUENCE OF Re AND Pe
As described earlier, our DNSs employed finite values of the Reynolds and Péclet numbers. In light of the fact that earlier studies such as [23] had observed a certain dependence of the gravity 
VIII. CONCLUSION
We have employed the laws of mass and momentum conservation to develop a closed model for intrusive gravity currents propagating along the interface of a two-layer stratified ambient. Based on the vorticity form of the momentum-conservation principle, the model does not require any empirical closure assumptions. Using this model, we conduct a detailed parametric study in terms of the dimensionless intrusion density and the lower layer height of the ambient, which reproduces the correct behavior for all known limits and confirms many previous experimental observations. Specifically, the present model demonstrates that the conservation of mass and momentum dictates the formation of equilibrium flows when the intrusion density equals the depth-weighted mean density of the two ambient layers, consistent with the observations by Sutherland et al. [6] . These equilibrium intrusions are shown to correspond to classical energy-conserving gravity currents with a thickness of half the channel height.
The parametric study confirms that for a fixed intrusion density, the equilibrium configuration corresponds to the minimum propagation velocity, in agreement with the experimental observations of Cheong et al. [7] . The model furthermore demonstrates that the limits of (ρ * c = 0,d * l = 1) and (ρ * c = 1,d * l = 0) are not smooth, in the sense that the height of the leading bore does not uniformly go to zero, so the solution does not smoothly approach the case of a classical lock-exchange gravity current. The bore height smoothly approaches zero and its velocity reduces to that of a linear wave as the intrusion nears equilibrium conditions. In addition, the bore height is shown to vary linearly with |ρ * c − d * l |, consistent with earlier observations in Refs. [7, 8] . An a posteriori energy analysis demonstrates that under nonequilibrium conditions the intrusion gains energy.
The predictions by the parametric study are furthermore compared to two-dimensional DNS results and very good agreement is found with regard to all flow properties, including the propagation velocities of the intrusion and the gravity currents, their thickness, and the height and velocity of the leading bore.
